By well-established theoretical means, it is now possible to calculate thermodynamic properties of elemental crystals and liquids to an accuracy matching that of available low-pressure experiments; it is also known that the neglect of anharmonicity and electron-phonon interactions introduces errors smaller than 5% at low pressures. To check this theoretical framework and the validity of these approximations at higher pressures, we have constructed a Helmholtz free energy for crystal and liquid Aluminum and compared the Hugoniot it predicts with experiments up to pressures of 10 Mbar, densities of 7 g/cm 3 , and temperatures of roughly 6 eV. We use standard lattice dynamics for the crystal phase and Wallace's liquid dynamics for the liquid. We find excellent agreement of theory and experiment through the entire range, not just at low pressures, and we find that the inclusion of melting is important for achieving this agreement.
Introduction
In standard condensed matter physics, the Hamiltonian for a system of nuclei and electrons describes the nuclei as moving in a potential generated by the electrons in their ground state, plus all effects arising from thermal excitation of the electrons. In this picture, the Helmholtz free energy per atom for a crystal at temperature T with volume V per atom may be written 
All of the terms correspond to their crystal counterparts with the following exceptions:
(1) Φ l 0 , now called the static structure potential, is the depth of a typical valley in which the liquid system moves.
(2) The normal mode spectrum appearing in F l ph is that of a typical liquid potential valley, not the unique crystal potential valley.
(3) The term F l ab includes corrections due both to anharmonicity and to the fact that the potential valleys have boundaries, which the liquid (as opposed to the crystal) encounters as it transits from valley to valley.
(4) The extra term −kT ln w corresponds to an increase in entropy of k ln w per atom; the value ln w ≈ 0.8 is estimated from entropy of melting data of the elements (again, see [1] for details). In liquid dynamics theory, this term is due to the hypothesis that the number of potential valleys among which the liquid moves is of order w N , where N is the number of atoms in the system.
For both elemental crystals and liquids, the various contributions to the free energy can be determined by well-established theoretical methods [2] , and at low pressures the resulting thermodynamic functions can be computed as accurately as the functions themselves can be measured. Further, at low pressures the following conclusions also hold [2] : (a) For crystals from T = 0 to the melting temperature T m , F c anh contributes less than 5% of the total thermodynamic energy and entropy. (b) For liquids at temperatures up to 5 T m , the anharmonic and boundary contribution F c ab is similarly small. (c) The electron-phonon contribution F ep is important only in metal crystals at temperatures where F el dominates the free energy, say at T ≤ 20 K. Thus we know that we can neglect the anharmonic, boundary, and electron-phonon terms in both Eq. (1) and (2), and the resulting free energies are both simple in form and highly accurate at low pressures.
The accuracy of this framework at higher pressures is the issue we address in this paper. Thus we construct an equation of state (EOS) of a monatomic material in both crystal and liquid phases using the basic theory referred to in Eq. (1) and (2), assuming anharmonic, boundary, and electron-phonon terms are negligible, and we test the reliability of the results to high pressures. (For our purposes, an EOS is the Helmholtz free energy together with all quantities which can be derived from it, such as S, E, and P .) We shall use Aluminum as a test case because of the availability of extensive electronic structure calculations, up to a compression factor of three, and highly accurate shock Hugoniot data. The shock data will provide a test of our EOS through both phases to pressures of around 10 Mbar and temperatures of several eV. In Section 2 we will develop the full crystal EOS, using results from electronic structure theory, and in Section 3 we will do the same for the liquid, using the experimentally determined melt curve, and the fact that the Gibbs free energies must match along this curve, to determine the liquid static structure potential Φ l 0 . In Section 4, we will compute the Hugoniot predicted by the two-phase EOS and compare it with experimental data. The results will be encouraging. Finally, we will discuss further extensions of our work.
The crystal equation of state
Having reduced the crystal free energy to
let us now consider the forms of F c ph and F c el and the parameters on which they depend. The phonon free energy is given by lattice dynamics:
where β = 1/kT and g(ω) is the distribution of phonon frequencies in the Brillouin zone. The electronic excitation free energy can be expressed as an integral function of the electronic density of states per atom, n(ǫ), and the Fermi distribution
where β is still 1/kT and µ is the chemical potential. If each atom contributes Z electrons to the valence bands (notice that Z is not the atomic number), with the lowest valence energy set to zero, then µ is a function of T determined by the normalization condition
The electronic free energy is then
where ǫ F , the Fermi energy, is the value of µ when T = 0. The second term in Eq. (7) is the subtraction of the electronic ground state energy, and it ensures that F We see from the above that to evaluate each of the three terms in Eq. (3) we must calculate an unknown function. Our first step in determining these was to consult the results of density functional calculations carried out in the local density approximation by Straub et al. [3] . They worked with fcc and bcc Al at atomic volumes from 37 a 3 0 to 160 a 3 0 , where a 0 is the Bohr radius, corresponding to densities from 8.17 g/cm 3 to 1.89 g/cm 3 (the density of Al at 293 K and 1 bar is 2.700 g/cm 3 ). The electronic structure calculations indicate a transition from fcc to bcc at 51 a 3 0 , corresponding to ρ = 5.93 g/cm 3 ; however, we will neglect this phase change here, as we expect its effect on the thermodynamic functions to be small, and because our primary experimental check will be against the Hugoniot, on which, as we shall see, the solid-liquid transition takes place long before reaching this density (see Section 4). Hence we shall assume that crystal Al is in the fcc phase. This assumption may have a small effect on the liquid EOS at high densities; we will comment on this possibility in the following Sections. Φ c 0 for fcc was fitted to a Birch-Murnaghan form, with the coefficients reported in [3] . Although evaluating Eq. (4) requires full knowledge of g(ω), its high-and low-temperature limits require only a few of its moments, expressed in terms of the characteristic temperatures Θ 0 , Θ 1 , and Θ 2 defined by
where · · · BZ indicates an average over all the frequencies in the Brillouin zone. Then for the crystal, the following limits hold:
and
The leading term in Eq. (10) describes purely classical nuclear motion, while the series of terms in powers of T −2 are quantum corrections. Keeping only the first quantum correction, the thermodynamic functions derived from Eq. (10) are accurate to 1% at temperatures above 1 2 Θ 2 , which is the region of interest in Hugoniot calculations. To compute g(ω) and these characteristic temperatures, four zone-boundary phonons were calculated at several volumes, and these phonon frequencies together with the bulk modulus were used to calibrate a pseudopotential model at each volume. The pseudopotential was then used to calculate phonon frequencies through the Brillouin zone, allowing the determination of Θ 0 , Θ 1 , and Θ 2 . Figure 1 shows these temperatures as functions of atomic volume. (The full set of results was not reported in [3] .) We then made fits to their results, also shown in the Figure, Figure 1: Θ 0 , Θ 1 , and Θ 2 as functions of atomic volume from the electronic structure calculations in [3] (crosses); the remaining points are experimental data from [4] . Our fits to the electronic structure results are also shown.
when computing the crystal free energy. (Note that Θ 1 ≈ Θ 2 ≈ e 1/3 Θ 0 .) To check these results experimentally, Straub et al. compared their predictions at atomic volume 110.7 a 3 0 with experimental phonon moments for Al at 80 K (at which the above atomic volume is the appropriate value) based on Bornvon Karmen fits to neutron scattering data [4] . The experimental points, also shown in Figure 1 , are in very good agreement with the electronic structure calculations. Hence our theoretical results for Θ 0 , Θ 1 , and Θ 2 are acceptable for use in our EOS without modification.
The electronic structure calculations also provided data for the electronic density of states n(ǫ). Graphs of n(ǫ) for fcc and bcc Al at atomic volume 112.0 a 3 0 (corresponding to P = 0 and T = 295 K) are shown in Figure 2 , along with the free electron n(ǫ) at the same volume for Z = 3. The Figure  shows that the free electron model is a good approximation for either crystal structure, for electronic excitations to around 1 2 Ry. The same match, at a slightly poorer level of approximation and at excitations to around 1 Ry, is found at our smallest atomic volume of 37 a 3 0 . For all volumes of our study and temperatures up to T m , the total electronic excitation contribution to the energy, entropy, and pressure is at most 5%, so the error introduced by using the free electron n(ǫ) in our calculations is negligible. Making this approximation in Eq. (7), we find
where Z = 3, µ is determined from Eq. (6) using the free electron n(ǫ), ǫ F is also determined from the free electron theory, and the Fermi integrals I n (x) are defined by
The crystal EOS that results from assembling all of these functions is reliable over a large range of volumes and temperatures; however, it is not in perfect agreement with highly accurate experimental data at low pressures. We shall therefore correct our purely theoretical free energy so as to agree with experiment. Since we are particularly concerned with predicting the Hugoniot, which is very sensitive to pressure, we wish our EOS to match available data on pressure as a function of volume. At low T and P , the pressure is dominated by the T = 0 term of the EOS, so we will focus on fitting T = 0 data. At T = 0, the theoretical free energy is simply Φ 
Therefore, we constructed a new Φ c 0 curve that correctly reproduces the data in Eq. (13) and which interpolates smoothly to the electronic structure curve at higher compressions. The T = 0 pressure-volume curves constructed from both the original and new Φ c 0 are shown in Figure 3 . This modification completes the full crystal free energy, so we can now consider the liquid.
The liquid equation of state
Our form for the liquid free energy is
and the additional term −kT ln w is fully determined by setting ln w = 0.8, as we discussed in Section 1. The form of the phonon term is dictated by the following hypotheses of liquid dynamics theory:
(1) The motion of the liquid consists of oscillations in the macroscopically similar valleys discussed in Section 1 together with occasional transits between valleys; the transits are of such short duration that they do not contribute to the thermodynamics to lowest order.
(2) Al is what we have called a "normal melting element" (the entropy of melting at constant density is close to 0.8k per atom), and we argue in [1] that Θ 0 in crystal and liquid phases of such an element are approximately equal. (Experimental and computational work supporting this conjecture are also discussed in [1] .) Thus we will take F l ph to have the same form as the crystal phonon term, using the same Θ 0 . In the liquid, T is typically much larger than Θ 2 (for example, in liquid Al at normal density T ≥ 2Θ 2 ), rendering the first quantum correction to F l ph negligible (roughly 1% at normal density), so even if Θ 2 in the liquid differs from the crystal value by 25% or more, the impact on the phonon term will be very small. Hence we also use the same Θ 2 in the liquid as in the crystal.
Since the free electron model approximates the electronic structure result for n(ǫ) so well for both fcc and bcc Al (Figure 2) , which correspond to two valleys in the many-body potential surface with rather different structures, we also expect this model to be a good approximation for n(ǫ) in the disordered structure characteristic of a liquid. Since at all volumes and temperatures up to 5 T m , the electronic contribution to the thermodynamic functions does not exceed 25%, the error introduced by the free electron model is still acceptable.
The only remaining term in Eq. (14), Φ l 0 , is fixed by the requirement that the Gibbs free energies of the crystal and liquid phases match along the Aluminum melting curve,
where T m (P ) is the melt temperature as a function of pressure. Boehler and 
on the basis of their experimental work up to 80 GPa (0.8 Mbar), and experiments by Shaner et al. [6] and Hänström and Lazor [7] and theoretical work by Pélissier [8] suggest that this curve continues to be accurate up to 200 GPa. We computed Φ l 0 by making a guess not very different from Φ c 0 , using it and Eq. (16) to calculate both sides of Eq. (15), using the difference to correct our guess for Φ l 0 , and iterating until the rms difference between the two sides of (15) over a large pressure range was sufficiently small. This provided the needed Φ l 0 , which is shown in Figure 4 along with Φ c 0 . It is at this point that the existence of the bcc phase in Al, discussed in the previous Section, affects the EOS of the liquid. It is likely that the liquid region borders the fcc crystal only over part of its boundary, beyond which the liquid borders the bcc region or other crystal phases. In such a case, at sufficiently high pressures we should use the free energy appropriate for that crystal phase, not the fcc free energy, in Eq. (15) . This suggests that Φ l 0 may become inaccurate beyond densities in the neighborhood of 6 g/cm 3 , where the T = 0 fcc-bcc phase transition occurs. Since we do not expect the inaccuracies to be large, we will continue to assume that crystal Al is fcc and use that phase to compute Φ l 0 , but we will exercise appropriate caution when comparing our results with experimental data in the region of concern. Ref. [6] Ref. [7] Ref.
[8] Our melt curve Figure 5 : The melt curve T m (P ) computed from our full crystal and liquid EOS, the experimental data from [6, 7] , and points from the theoretical curve in [8] .
Once we had the full crystal and liquid EOS, we then solved Eq. (15) directly to compute T m (P ), verifying that we had reproduced the BoehlerRoss fit; our result is shown in Figure 5 , together with the data from [6, 7] and some points from Pélissier's theoretical curve. (According to [6] , their data point at 125 GPa marks the onset of melting along the Hugoniot. We will comment on this at the end of the next Section.) This computation also gave us V Given these results, the computation of the full EOS (F , E, S, and P ) for any given V and T proceeds as follows. If V ≤ V c m (T ) for the given T , the system is in the crystal phase; F c is computed as described in Section 2, and the other functions follow from
If V ≥ V l m (T ), the system is in the liquid phase; F l is computed as described in this Section, and the other functions follow from expressions analogous to Eq. (17) . If V c m (T ) < V < V l m (T ), the system is in the two-phase region; defining
the thermodynamic functions are
Finally, let us make some conservative estimates of the range of applicability of this EOS. At densities below approximately 6 g/cm 3 , we are confident that the crystal is in the fcc phase, and the liquid free energy is based on this phase, so we trust the full EOS here. At densities between 6 and 8 g/cm 3 , we must be more circumspect; the crystal may have undergone a phase transition to bcc, and the liquid at this density may be based on the wrong crystal free energy. Densities higher than 8 g/cm 3 correspond to compressions higher than three, for which we have no electronic structure results; this sets the density limit of our EOS. We are limited in temperature by two facts:
(1) The free electron approximation to n(ǫ) has not been validated beyond 1 Ry, or 13.6 eV, but the electronic energy and entropy are sensitive to the details of n(ǫ) at least out to 3kT , so the electronic term in the EOS may become inaccurate beyond kT ≈ 1/3 Ry ≈ 4.5 eV.
(2) In the liquid, we have taken F l ab to be negligible, which we know to be true when T < ∼ 5 T m , but we also know that this term must become relevant as the nuclear motion becomes more gaslike. Thus we shall take care with any data for which T is noticeably larger than 5 T m . We know the EOS is valid within these limits, but we don't know how far outside these limits the inaccuracies begin; thus we will not be shy about considering data not too far outside this range.
Comparison with Hugoniot data
If a shock wave travels at speed u s through a sample of material, accelerating its particles from rest to speed u p and changing its density, atomic volume, pressure, and internal energy per atom from ρ 0 , V 0 , P 0 , and E 0 to ρ, V , P , and E, then these quantities must satisfy the Rankine-Hugoniot relations,
derived from considerations of mass, momentum, and energy conservation.
(It is assumed that the wave is steady and strength effects are negligible.) The density ρ and atomic volume V are related by
where AW is the atomic weight of the material and N A = 6.022 × 10 23 is Avogadro's number. An identical formula relates ρ 0 and V 0 .
By solving these equations together with the EOS, which relates P , V , and E, we can determine the Hugoniot, a curve which gives all possible end states of the shocked material. We used our EOS to compute u s as a function of u p and P as a function of ρ along the Al Hugoniot; the results are shown in Figures 6 and 7 . Hugoniot data from several sources [9, 10, 11, 12, 13] are also included.
An important consideration in selecting which data to include is the initial density; different experiments use different Al alloys, with initial densities that vary widely. Our EOS predicts the density at P = 0 and T = 300 K to be 2.70 g/cm 3 ; all of the data included here were gathered using alloys for which ρ 0 clustered tightly around 2.71 g/cm 3 Figure 7 : The P -ρ Hugoniot for Al predicted by our EOS together with experimental data from [9, 10, 11, 12, 13] . The dashed line is the Hugoniot predicted by the crystal EOS alone. data point from [10] , which mainly concerns porous materials. All of the data from the other references were used.) Also, we did not use data from four sources [14, 15, 16, 17] which determined Hugoniot points for Al either by newer methods in earlier stages of development or by indirect methods which are known to be less reliable. The reduced accuracy of their results is reflected by the scatter in their data.
Notice that all of the points lie within the density limits of the EOS, although the last two lie in the region of concern between 6 and 8 g/cm 3 . The last two points also lie near our temperature limits: The temperature of the next-to-last point is about 2.5 eV, which is roughly 3.6 T m at that density, and the temperature of the last point is about 6 eV, which is roughly 6 T m for its density. Thus, the final point is particularly interesting, as it just barely probes the area where we are less certain of our EOS.
The predicted Hugoniot compares very well with both the u s -u p and the P -ρ data all the way up to the final point, at a pressure of roughly 1000 GPa (10 Mbar). In contrast, the Hugoniot generated by the crystal EOS alone, also shown in Figure 7 , fits the low-pressure data quite well, but it lies noticeably below the data points at the highest pressures. The difference is due to the phase transition; the Hugoniot crosses the two-phase region betweeen ρ = 4.43 g/cm 3 and ρ = 4.58 g/cm 3 , corresponding to a range in P from 126 to 156 GPa (see Figures 8 and 9) , and the phase transition shifts both curves slightly upward, correcting the crystal Hugoniot's deficiency in the high-P region. (Since the crystal-liquid phase transition occurs well before ρ = 6 g/cm 3 , we are confident that the crystal is never bcc on the Hugoniot, as mentioned in Section 2). Our phase transition results agree with [6] , in which melting occurs between 125 and 150 GPa (see their Figure  5 ).
Conclusion
The comparison of condensed matter theory and experiment at low pressures in [2] , outlined in the Introduction, shows us that (1) we are currently able to calculate thermodynamic functions a priori for elemental crystals and liquids to the same level of accuracy as the experimental determination of these properties, and (2) the magnitudes of the errors we can expect from various simplifying approximations, such as neglecting anharmonicity, are very small (on the order of 5%). Both of these points are demonstrated only at low pressures, however, and we simply do not know whether the errors from neglecting anharmonicity et al. will remain small as pressure increases. This leads us naturally to the idea of testing this theoretical framework by constructing an EOS and comparing it with data at higher pressures, which we have done here. Our EOS for Aluminum is valid for densities up to approximately 8 g/cm 3 and temperatures up to at least 4.5 eV, and it correctly predicts u s vs. u p and P vs. ρ along the Hugoniot almost to the level of accuracy of the experimental points. We conclude that both the basic theory and the assumption that anharmonicity et al. are small remain valid in the entire region probed by the shock experiments. Further, we note that the inclusion of melting was necessary to achieve this level of agreement.
It is also worth noting that comparison with Hugoniot data over such a large range effectively tests both the thermal and non-thermal parts of the EOS: the low-pressure Hugoniot is dominated by Φ c 0 , while in the highpressure region the Hugoniot is determined largely by the thermal contributions, with the electronic part increasingly dominating as pressure rises. Also, the only part of our EOS that is not a priori, the adjustment of Φ c 0 in Section 2 to match low-T , low-P data, shifts the non-thermal contriubtion to the pressure by at most 0.4 GPa (see Figure 3) , and the Hugoniot is sensitive to this shift at only the very lowest pressures, roughly below 40 GPa.
The logical extension of this work to a larger range in density and temperature would proceed as follows. It is known that as density increases, the electrons come to dominate the free energy, and it is also known that the Thomas-Fermi-Dirac (TFD) theory correctly describes the electrons in the limit of infinite density. Thus we propose to study the TFD forms for Φ c 0 and F el , the electronic contributions to the free energy, comparing them to the forms used in this work in an attempt to develop an interpolation between the two. We will pursue this avenue next.
